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De�nitions

Let f0 : (Cn, 0)! (C, 0) be an isolated singularity. It means:

f0 - a holomorphic function germ at 0 2 Cn

(f0(z) = ∑i2Nn aiz i, i = (i1, . . . , in), z = (z1, . . . , zn)),

f0(0) = 0, rf0(0) := ( ∂f0
∂z1
(0), . . . , ∂f0

∂zn
(0)) = 0,

rf0(z) 6= 0 for z 6= 0 near 0.
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De�nitions

The main invariant (topological) of a singularity is the Milnor number
de�ned in many ways:
µ(f ) := dimCOn/( ∂f

∂z1
, . . . , ∂f

∂zn
) (On - the ring of all convergent series in

n - variables)
=the multiplicity of the mapping rf : (Cn, 0)! (Cn, 0) at 0,
(= max(#(rf )�1(y), y small))
= #(critical points of morsi�cation of f )
= (the topological degree of rf

jrf j : S2n�1ε ! S2n�11 )

= i0((rf )On) �multiplicity of the ideal (rf ) in On
= rkHn�1(Fθ,Z) �(Fθ the �bre of the Milnor �bration of f )
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De�nitions

For "almost all" singularities µ(f ) can be computed of a combinatoric
object associated to f - the Newton polyhedron. Let

f (z) = ∑
i2Nn

aiz
i, i = (i1, . . . , in), z = (z1, . . . , zn)

and
supp(f ) := fi : ai 6= 0g � Rn � the support of f .
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De�nitions

[
i2supp(f )

(i+Rn
+)
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De�nitions

Γ+(f ) := conv

0@ [
i2supp(f )

(i+Rn
+)

1A
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Koushnirenko Theorem

Theorem
If f is non-degenerate (generic property) and convenient then

µ(f ) = ν(f ),

where

ν(f ) := n!V �
n

∑
i=1
(n� 1)!Vi +

n

∑
i ,j=1,i<j

(n� 2)!Vij + � � � ,

where V is n-dimensional volume of the polyhedron under Γ+(f ), Vi is
(n� 1)-dimensional volume of the polyhedron under Γ+(f ) on the
hyperplane Hi := fxi = 0g, Vij is (n� 2)-dimensional volume of the
polyhedron under Γ+(f ) on the hyperplane Hij := fxi = xj = 0gand so on.

Krasínski (Katedra Geometrii Algebraicznej i Informatyki Teoretycznej)Arnold Problem 9-13 Stycznia 2017 7 / 24



Examples

For instance,
n = 2

ν(f ) = 2!S � 1!(p + q) + 1

Krasínski (Katedra Geometrii Algebraicznej i Informatyki Teoretycznej)Arnold Problem 9-13 Stycznia 2017 8 / 24



Examples

n = 3

ν(f ) = 3!V � 2!(P1 + P2 + P3) + 1!(W1 +W2 +W3)� 1
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Problem

V.I. Arnold posed a problem in 1982 (Arnold�s Problems, Springer
2005, Problem 1982-16):

"Consider a Newton polyhedron ∆ in Rn and the number
µ(∆) = n!V �∑n

i=1(n� 1)!Vi +∑n
i ,j=1,i<j (n� 2)!Vij + � � � , where

V is the volume under ∆, Vi is volume under ∆ on the hyperplane
xi = 0, Vij is the volume under ∆ on the hyperplane xi = xj = 0 and
so on. Then µ(∆) grows (non strictly monotonically) as ∆ grows
(whenever ∆ remains convex and integer?). There is no elementary
proof even for n = 2."

Remark. He denotes µ(∆) instead of ν(∆). In the sequel we denote
the Newton number by ν(∆).
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Krasínski (Katedra Geometrii Algebraicznej i Informatyki Teoretycznej)Arnold Problem 9-13 Stycznia 2017 10 / 24



Known Results

S.K.Lando (Comments to Arnold�s Problems in Arnold�s Problems,
Springer 2005) wrote that the monotonicity of ν(∆) follows from the
semicontinuity of the spectrum of a singularity, proved independently
by Varchenko (1983) and Steenbrink (1985).

J. Gwózdziewicz (2008) gave a proof of monotonicity of ν(∆) using
the semicontinuity of the Milnor numbers in families of singularities,

C. Bivia-Ausina (2009) gave a proof of monotonicity of ν(∆) using
results on mixed multiplicities of ideals,

A.Lenarcik, J. Gwózdziewicz (2007) gave an elementary proof of
monotonicity of ν(∆) for n = 2.
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Introduction to results

We would like to present a complete solution of the Arnold Problem.
New aspects of the solution:

We give a simple geometrical condition which is necessary and
su¢ cient for the inequality ν(∆) > ν(∆̃) for two Newton polyhedra
∆ � ∆̃.
The proof is elementary.
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Preparation

Let Γ+ be a convenient Newton polyhedron in Rn
+

Γ+ = conv

 
k[
i=1

(Pi +Rn
+)

!
, Pi 2 Rn

+,

Γ+ \Oxi 6= ?, i = 1, . . . , n
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Γ+ - Newton polyhedron, Γ - boundary of the Newton polyhedron, Γ� -
polyhedron under the Newton polyhedron, Γ+, Γ, Γ� - closed sets.

ν(Γ) = n! vol(Γ�)�
n

∑
i=1
(n� 1)! vol(Γ�i )+

n

∑
i ,j=1,i<j

(n� 2)! vol(Γ�ij )+ � � � ,
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Preparation

Let Γ̃+ be another Newton poyhedron such that Γ+ � Γ̃+. Then

Γ̃+ = conv
�
Γ+ [ fP1, . . . ,Pkg

�
,

where Pi lie under Γ+ i.e. Pi 2 Rn
+ n Γ+ (the same Pi 2 Γ� n Γ). We

will denote
Γ̃+ = Γ+ + fP1, . . . ,Pkg.

Since Γ+ + fP1,P2g = (Γ+ + fP1g) + fP2g, the equality
ν(Γ+ + fP1,P2g) = ν((Γ+ + fP1g) + fP2g) holds.
Then we may restrict consideration to the case when one point is
added.

Γ̃+ = Γ+ + fPg,
where P lies under Γ+ i.e. Pi 2 Rn

+ n Γ+.
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Preparation

We need one more de�nition

De�nition
A pyramid P with the base W and the vertex Q is

P : = cone(W ,Q),

where W is a (n� 1)-dimensional polyhedron in (n� 1)-dimensional
hyperplane H and Q /2 H.
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Main result

Theorem
Let Γ+ be a convenient Newton polyhedron in Rn

+ and let P lies under Γ+

i.e. P 2 Rn
+ n Γ+. Then:

1 ν(Γ+ P) � ν(Γ),

2 ν(Γ+ P) = ν(Γ) if and only if there exists a coordinate hyperplane
H = fxi = 0g such that P 2 H and the di¤erence of these two
Newton polyhedra (Γ+ + P) n Γ+ is a pyramid with the base�
(Γ+ + P) n Γ+

�
\H and the height equal to 1.
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Typical examples

n = 2
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Typical examples

n = 3 (the point P does not lie on axes)
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Typical examples

n = 3 (the point P lies on an axis)
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Remark

Taking negation of the condition in the theorem we may equivalently
formulate point 2 in the theorem .

20. ν(Γ+ P) < ν(Γ) if and only if one of two conditions is ful�lled:
(a) P lies in the interior of Γ� i.e. P 2 Int Γ�

(b) for each hyperplane H = fxi = 0g such that P 2 H the di¤erence
of two Newton polyhedra (Γ+ + P) n Γ+ is either a pyramid with the
base

�
(Γ+ + P) n Γ+

�
\H and the height � 2 or a polyhedron with

the base
�
(Γ+ + P) n Γ+

�
\H which has at least 2 vertices above H.
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Krasínski (Katedra Geometrii Algebraicznej i Informatyki Teoretycznej)Arnold Problem 9-13 Stycznia 2017 21 / 24



Remark

Taking negation of the condition in the theorem we may equivalently
formulate point 2 in the theorem .

20. ν(Γ+ P) < ν(Γ) if and only if one of two conditions is ful�lled:
(a) P lies in the interior of Γ� i.e. P 2 Int Γ�

(b) for each hyperplane H = fxi = 0g such that P 2 H the di¤erence
of two Newton polyhedra (Γ+ + P) n Γ+ is either a pyramid with the
base

�
(Γ+ + P) n Γ+

�
\H and the height � 2 or a polyhedron with

the base
�
(Γ+ + P) n Γ+

�
\H which has at least 2 vertices above H.
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Example

Example
Let Γ be the Newton poyhedron of the singularity
f = x6 + 2y6 + z(x2 + y2) + z4, ν(Γ) = 15. If we add the point
P = (3, 2, 0) we obtain the Newton poyhedron Γ+ P of the singularity
g = x6 + 2y6 + z(x2 + y2) + z4 + x2y3 for which ν(Γ+ P) = 13. In this
case the di¤erence is a polyhedron with the base in the hyperplane
fz = 0g which has the height equal to 1 but has two vertices above
fz = 0g (it is not a pyramid).
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Key lemma

Lemma
Let Γ+ be a convenient Newton polyhedron and let Γ+n be the restriction
of Γ+ to the hyperplane H = fxn = 0g. If P lies under Γ+ and P 2 H and
the di¤erence of two Newton polyhedra (Γ+ + P) n Γ+ is a pyramid with
the base

�
(Γ+ + P) n Γ+

�
\H and the height h then

ν(Γ)� ν(Γ+ P) = (ν(Γn)� ν(Γn + P)) (h� 1).
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Thank you
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	Wprowadzenie

